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Abstract
We prove that the half-BPS Wilson loop operator of N = 4 SYM in a symmetric
representation of the gauge group has a bulk gravitational description in terms of a single
D3-brane in AdS5×S5, as argued in hep-th/0604007. We also show that a half-BPS Wilson
loop operator in an arbitrary representation is described by the D3-brane configuration
proposed in hep-th/0604007. This is demonstrated by explicitly integrating out the degrees
of freedom on the D3-branes and showing that they insert a half-BPS Wilson loop operator
into the N = 4 SYM path integral in the desired representation.
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1. Introduction
Recently, the bulk description of all half-BPS Wilson loop operators of N = 4 SYM
has been given [1] in terms of D-branes in AdS5×S5 (see [2][3] for previous work). A
half-BPS Wilson loop – labeled by a representation of U(N) with Young tableau –
P
M
Fig. 1: A Young tableau. For U(N) P ≤ N and M is arbitrary.
can be described [1] in terms of M D5-branes or alternatively in terms of P D3-branes
in AdS5×S5. This generalizes the bulk description of a Wilson loop in the fundamental
representation in terms of a string worldsheet [4][5] to all other representations. For other
work see e.g. [6]-[12].
In [1], it was argued that the D3k-brane
3 solution in AdS5×S5 of [4][2] corresponds
to a half-BPS Wilson loop operator in the k-th symmetric representation, while a Wilson
loop operator in the representation given by Fig. 1 corresponds to the array of P branes
(D3n1 , D3n2 , . . . , D3nP ).
In this note we give a first principles derivation of this proposal. We complete the
analysis in [1] by studying the flat space brane configuration which yields in the near
horizon limit the P D3-branes (D3n1 , D3n2 , . . . , D3nP ) in AdS5×S5 dual to the Wilson
loop operator labeled by Fig. 1. This configuration corresponds to separating P D-branes
by a distance L from a stack of N+P coincident D3-branes and introducing k fundamental
strings stretched between the two stacks of branes, in the limit L → ∞. We can exactly
integrate out the degrees of freedom introduced by the extra P D-branes from the low
energy effective field theory describing this configuration and show that the net effect is to
3 k is the fundamental string charge dissolved on the brane.
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insert into the U(N) N = 4 SYM path integral a Wilson loop operator with the expected
representation, thus explicitly confirming the proposal in [1].
The plan of the rest of this note is as follows. In section 2 we show that a single
D3-brane in AdS5×S5 with k units of fundamental string charge correponds to a half-BPS
Wilson loop in the k-th symmetric representation of U(N). This is shown by studying in
a certain infinite mass limit the Coulomb branch of N = 4 SYM in the presence of k W-
bosons. In section 3 this result is generalized to arbitrary representations and reproduces
the proposal in [1]. Some details of the infinite mass limit of the Coulomb branch of N = 4
SYM are relegated to the Appendix.
2. A D3k-brane as a Wilson loop in the k-th symmetric representation
In [1], it was argued that the D3k-brane solution in AdS5×S5 of [4][2] corresponds to
a half-BPS Wilson loop operator labeled by the following Young tableau:
1 2 · · · · k .
This solution [4][2] has an AdS2×S2 worldvolume geometry and carries k units of
fundamental string charge. The fact that k is arbitrary, that there can be at most N
such D3-branes in AdS5×S5, and its proposed relation through bosonization to the defect
conformal field theory derived for the D5k-brane
4 led [1] to the abovementioned proposal.
In this note we show that this proposal is indeed correct by studying a brane configu-
ration in flat space. We integrate out the physics on the brane and show that the D-brane
inserts the desired Wilson loop into the N = 4 SYM path integral. This brane configu-
ration can also be studied in the near horizon limit and indeed reproduces the D3k-brane
solution of [4][2].
A half-BPS Wilson loop of N = 4 SYM in a representation5 R
WR = TrRP exp
(
i
∫
dt (A0 + φ)
)
, (2.1)
4 This D5-brane, which has an AdS2×S
4 worldvolume geometry and k ≤ N units of fun-
damental string charge, was shown to correspond to a Wilson loop in the k-th antisymmetric
representation – a Young tableau with k boxes in one column – by integrating out the degrees of
freedom on the D5-brane.
5 R = (R1, R2, . . . , RN ), with Ri ≥ Ri+1 labels a representation of U(N) given by a Young
tableau with Ri boxes in the i-th row.
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is obtained by adding a static, infinitely massive charged probe to N = 4 SYM. As already
shown in [4][5](see also [13]), one way of introducing external charges in U(N) N = 4 SYM
is to consider a stack of N +1 D3-branes and going along the Coulomb brach of the gauge
theory.
Let’s consider the gauge theory on N + 1 D3-branes and break the gauge symmetry
down to U(N) × U(1) by separating one of the branes. In the gauge theory description
this corresponds to turning on the following expectation value
〈φ〉 =
(
0 0
0 L
)
, (2.2)
where φ is one of the scalar fields of N = 4 SYM, thus breaking the SO(6) R-symmetry
of N = 4 SYM down to SO(5).
We are interested in studying the low energy physics of this D-brane configuration in
a background where k static fundamental strings are stretched between the two stacks of
D3-branes:
L
Fig. 2: Two separated stacks of D3-branes with k fundamental strings stretched
between them.
In the gauge theory description, we must study the low energy effective field theory
of U(N + 1) N = 4 SYM when spontaneously broken to U(N) × U(1). The presence of
k stretched static fundamental strings corresponds to inserting at t → −∞ k W-boson
creation operators w† and k W-boson annihilation operators w at t → ∞. Since we are
interested in the limit when the charges are infinitely massive probes, we must study this
field theory vacuum in the limit L→∞. In this limit the U(1) theory completely decouples
from the U(N) theory.
Physically, the L → ∞ limit can be thought of as a non-relativistic limit. The dy-
namics can be conveniently extracted by defining
w =
1√
L
e−itLχ, (2.3)
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making the kinetic term for the W-bosons non-relativistic. As shown in the Appendix, the
terms in the effective action surviving the limit are given by
S = SN=4 + Sχ, (2.4)
where:
Sχ =
∫
iχ†∂tχ+ χ
†(A0 + φ)χ. (2.5)
Therefore, the path integral describing k fundamental strings stretching between the
two stacks of D-branes in the L→∞ limit is given by6
Z ≡ eiSN=4
∫
[Dχ][Dχ†] eiSχ
1
k!
∑
i1,...ik
χi1(∞)χi2(∞). . .χik(∞)χ†i1(−∞)χ†i2(−∞). . .χ†ik(−∞),
(2.6)
where il = 1, . . .N is a fundamental index of U(N).
From the formula for the W-boson propagator that follows from (2.5)7
〈χi(t1)χ†j(t2)〉 = θ(t1 − t2)δij , (2.7)
one can derive the following “effective” propagator
〈χi(∞)χ†j(−∞)〉eff ≡ 〈exp
(
i
∫
dt iχ†∂tχ+ χ
†(A0 + φ)χ
)
χi(∞)χ†j(−∞)〉 = Uij , (2.8)
where U is the holonomy matrix appearing in the half-BPS Wilson loop operator (2.1):
U = P exp
(
i
∫
dt (A0 + φ)
)
∈ U(N). (2.9)
Using this “effective” propagator we can now evaluate (2.6). We must sum over all
Wick contractions between the W -bosons. Contractions are labeled by a permutation ω
of the symmetric group Sk. The path integral (2.6) is then given by:
Z = eiSN=4 · 1
k!
∑
ω∈Sk
U i1iω(1) . . . U
ik
iω(k)
. (2.10)
Permutations having the same cycle structure upon decomposing a permutation into the
product of disjoint cycles give identical contributions in (2.10). Since all elements in a
6 The path integral over the U(N) N = 4 SYM is to be performed at the end.
7 θ(t) is the Heaviside step function.
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given conjugacy class of Sk have the same cycle structure, we can replace the sum over
permutations ω in (2.10) by a sum over conjugacy classes C(~k) of Sk. Conjugacy classes
of Sk are labeled by partitions of k, denoted by ~k, so that
k =
k∑
l=1
lkl, (2.11)
and each permutation in the conjugacy class has kl cycles of length l.
Therefore, (2.10) can be written as
Z = eiSN=4 · 1
k!
∑
C(~k)
N
C(~k)γ~k(U), (2.12)
where
γ~k(U) =
k∏
l=1
(TrU l)kl , (2.13)
and N
C(~k)
is the number of permutations in the conjugacy class C(~k), which is given by
N
C(~k) =
k!
z~k
, (2.14)
with:
z~k =
k∏
l=1
kl!l
kl . (2.15)
Therefore, we are led to
Z = eiSN=4 ·
∑
C(~k)
1
z~k
γ~k(U), (2.16)
which can also be written (see e.g. [14]) as
Z = eiSN=4 · Tr(k,0,...,0)U, (2.17)
as we wanted to show.
To summarize, we have shown that integrating out the degrees of freedom associated
to the single separated D3-brane – when k fundamental strings are stretching between the
D3-brane and a stack of N D3-branes – inserts a half-BPS Wilson loop operator into the
N = 4 SYM path integral in the k-th symmetric representation of U(N).
We can now make contact with theD3k-brane solution [4][2] in AdS5×S5. The solution
of the Born-Infeld equations of motion for a single D3 brane with k fundamental strings
5
stretched between that brane and a stack of N D3-branes was already found in [4]. In this
solution, the N D3-branes are replaced by their supergravity background and the other
D3-brane with the attached strings as a BION solution [15][16]. In the near horizon limit,
the D3-brane solution in [4] indeed becomes the D3k-brane solution in AdS5×S5.
Therefore, we have given a microscopic explanation of the identification
D3k ←→ Z = eiSN=4 ·W(k,0,...,0), (2.18)
proposed in [1].
3. Multiple D3k-branes as Wilson loop in arbitrary representation
In the previous section, we have shown that a single D3k-brane corresponds to a
Wilson loop in the k-th symmetric representation. We now show that an arbitrary repre-
sentation R with P rows in a Young tableau can be realized by considering P D3-branes.
We consider a stack of N + P D3-branes and break the gauge symmetry down to
U(N)×U(P ) by separating P of the branes a distance L. In the gauge theory description
this corresponds to turning on a scalar expectation value as in (2.2). We also consider a
background of k fundamental strings stretched between the two stacks of branes.
Therefore, we must study the low energy effective field theory of U(N+P ) N = 4 SYM
when spontaneously broken to U(N) × U(P ) and in the limit L → ∞, where the charges
become infinitely massive probes8. The presence of k fundamental strings is realized in
the gauge theory by inserting the creation operator of a k W-boson state at t→ −∞ and
the annihilation operator of a k W-boson state at t → ∞. The k W-boson annihilation
operator is given by
Ψ(t) = χI1i1 (t)χ
I2
i2
(t) . . . χIkik (t) (3.1)
and the k W-boson creation operator by Ψ†(t), where9 il = 1, . . . , N and Il = 1, . . . , P .
Such a k W-boson state transforms under U(N) and U(P ) as a sum over representa-
tions with k boxes in a Young tableau. In order to project to a specific representation R we
can apply to the k W-boson annihilation operator (3.1) the following projection operator
PRα =
dR
k!
∑
σ∈Sk
DRαα(σ)σ (3.2)
8 Just as before, the U(P ) gauge dynamics completely decouples from the U(N) gauge theory
in the L→∞ limit.
9 The W-bosons transform in the (N, P¯ ) representation of the U(N)×U(P ) gauge group, see
the Appendix for details.
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where R = (n1, n2, . . . , nP ), with k =
∑
i ni, labels an irreducible representation of both
10
Sk, U(N) and U(P ). D
R
αβ(σ) is the representation matrix for the permutation σ in the
representation R, dR is the dimension of the representation R of Sk and α, β = 1, . . . , dR.
Therefore, the operator
ΨRα (t) = P
R
α Ψ =
dR
k!
∑
σ∈Sk
DRαα(σ)χ
Iσ(1)
i1
(t)χ
Iσ(2)
i2
(t) . . .χ
Iσ(k)
ik
(t) (3.3)
describes a k W-boson state transforming in the irreducible representation R of Sk, U(N)
and U(P ).
The path integral to perform, representing our brane configuration with k fundamental
strings stretching between the two stacks of D-branes, in the L→∞ limit is given by11
Z = eiSN=4
∫
[Dχ][Dχ†] eiSχ
dR∑
α=1
ΨRα (∞)Ψ†Rα (−∞), (3.4)
where Sχ is the straightforward generalization of (2.5) when the gauge group is U(N) ×
U(P ).
The “effective” propagator for the W-bosons is now
〈χIi (∞)χJ†j (−∞)〉eff ≡ 〈exp
(
i
∫
dt iχ†∂tχ+ χ
†(A0 + φ)χ
)
χIi (∞)χJ†j (−∞)〉 = UijδIJ ,
(3.5)
with U given in (2.9). The sum over all Wick contractions in (3.4) gives:
Z = eiSN=4
(
dR
k!
)2 dR∑
α=1
∑
σ,τ,ω∈Sk
DRαα(σ)D
R
αα(τ)U
i1
iω(1)
. . . U ikiω(k)δ
Iσ(1)
Iωτ(1)
. . . δ
Iσ(k)
Iωτ(k)
. (3.6)
By appropriate change of variables, this can be simplified to
Z = eiSN=4
(
dR
k!
)2 dR∑
α=1
∑
σ,τ,ω∈Sk
DRαα(σ)D
R
αα(τ)U
i1
iω(1)
. . . U ikiω(k)P
C(σ−1ωτ), (3.7)
10 There is a natural action of Sk, U(N) and U(P ) on Ψ(t). The projected operator in fact
transforms in the same representation R for both Sk, U(N) and U(P ) groups (see e.g. [17]). The
representations of the unitary and symmetric groups are both labeled by the same Young tableau
R = (n1, n2, . . . , nP ).
11 To avoid cluttering the formulas, the sum over U(N) and U(P ) indices is not explicitly
written throughout the rest of this note.
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where C(σ) is the number of disjoint cycles in the permutation σ and:
PC(σ
−1ωτ) =
∑
I1,...,Ik
δI1I
σ−1ωτ(1)
. . . δIkI
σ−1ωτ(k)
. (3.8)
We proceed12 by introducing δ(ρ), an element in the group algebra, which takes the
value 1 when the argument is the identity permutation and 0 when the argument is any
other permutation. This allows (3.7) to be written as:
eiSN=4
(
dR
k!
)2 dR∑
α=1
∑
σ,τ,ω,ρ∈Sk
DRαα(σ)D
R
αα(τ)U
i1
iω(1)
. . . U ikiω(k)P
C(ρ)δ(ρ−1σ−1ωτ). (3.9)
Summing over τ yields
eiSN=4
(
dR
k!
)2 dR∑
α=1
∑
σ,ω∈Sk
DRαα(σ)D
R
αα(ω
−1σ
∑
ρ∈Sk
ρPC(ρ))U i1iω(1) . . . U
ik
iω(k)
. (3.10)
Since C =∑ρ∈Sk ρPC(ρ) commutes with all elements in the group algebra, we can use the
identity DRαα(Cσ) = 1dRDRαα(σ)χR(C), where χR(C) =
∑dR
α=1D
R
αα(C) is the character of Sk
in the representation R for C. Therefore, (3.10) reduces to
eiSN=4
dR
k!
DimP (R)
dR∑
α=1
∑
σ,ω∈Sk
DRαα(σ)D
R
αα(ω
−1σ)U i1iω(1) . . . U
ik
iω(k)
, (3.11)
where
DimP (R) =
1
k!
∑
σ∈Sk
χR(σ)P
C(σ) (3.12)
is the dimension of the irreducible representation R of U(P ). By using the relation satisfied
by the fusion of representation matrices
∑
σ∈Sk
DRαα(σ)D
R
αα(ω
−1σ) =
k!
dR
DRαα(ω
−1) (3.13)
we are arrive at:
Z = eiSN=4DimP (R)
∑
ω∈Sk
χR(ω)U
i1
iω(1)
. . . U ikiω(k) . (3.14)
12 The paper [18] has a useful compilation of useful formulas relevant for this paper.
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Finally, we use the Frobenius character formula (see e.g. [14]), which relates the trace
of a matrix U in an arbitrary representation R = (n1, n2, . . . , nP ) of U(N) to the trace in
the fundamental representation
TrR(U) =
1
k!
∑
ω∈Sk
∑
i1,...ik
χR(ω)U
i1
iω(1)
. . . U ikiω(k) (3.15)
to show that the final result of the path integral is
Z = eiSN=4 · k! DimR(M)TrR(U), (3.16)
the insertion of a half-BPS Wilson loop in the representation R.
In the near horizon limit, when the N D3-branes are replaced by their near horizon
geometry, the P D3-branes with the array of stretched fundamental strings labeled by
R = (n1, n2, . . . , nP ) become the brane configuration (D3n1 , D3n2 , . . . , D3nP ) in AdS5×S5,
thus arriving at the identification13
(D3n1 , . . . , D3nP )←→ Z = eiSN=4 ·W(n1,...,nP ,0,...,0) (3.17)
in [1].
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Appendix A. Gauge Theory Along Coulomb Branch
The low energy dynamics of a stack of N + P coincident D3-branes is described by
four dimensional N = 4 SYM with U(N + P ) gauge group. The spectrum of the theory
includes a vector field Aˆµ, six scalar fields Φˆi and a ten dimensional Majorana-Weyl spinor
Ψˆ. The action is given by
SˆN=4 =
1
2g2YM
∫
Tr
(
−1
2
Fˆ 2µν − (DˆµΦˆi)2 +
1
2
[Φˆi, Φˆj]
2 − i ˆ¯ΨΓµDˆµΨˆ− ˆ¯ΨΓi[Φˆi, Ψˆ]
)
,
(A.1)
13 We can trivially reabsorb the overall constant in (3.16) in the normalization of Ψ.
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where each field is in the adjoint of the gauge group U(N+P ). We use real ten dimensional
gamma matrices Γi and Γµ and we choose Γ0 as charge conjugation matrix. Thus, the
Majorana-Weyl spinor λ has 16 real components and λ¯ = λTΓ0.
Now we separate a stack of P branes from the remaining stack of N branes, i.e. we
give a non trivial vacuum expectation value to the scalar fields. Without lost of generality,
we take
< Φˆ9 >=
(
0 0
0 LIP
)
, (A.2)
where IP is the P × P unit matrix and L is a constant with the dimensions of mass. To
expand the action around this vacuum, we first define the fields as
Aˆµ =
(
Aµ ωµ
ω†µ A˜µ
)
Φˆi =
(
Φi ωi
ω
†
i δi9LIP + Φ˜i
)
Ψˆ =
(
Ψ θ
θ† Ψ˜
)
, (A.3)
where Aµ, Φi and Ψ transform in the adjoint representation of U(N) and A˜µ, Φ˜i and Ψ˜
transform in the adjoint representation of U(P ). ωµ, ωi and θ are W-bosons fields and
transform in the (N, P¯ ) representation of the gauge group U(N)× U(P ).
The action becomes:
SˆLN=4 = SN=4 + S˜N=4 + SW + Sinteractions. (A.4)
SN=4 and S˜N=4 are the actions for the effective field theories living on the two stacks of
branes, i.e. four dimensional N = 4 SYM with gauge group respectively U(N) and U(P ).
SW is the action for the W-bosons and their superpartners
SW =
∫
Tr
(
−1
2
f †µνf
µν−L2ω†µωµ−
9∑
i=4
∂µω
†
i ∂µωi−L2
8∑
k=4
ω
†
kωk−iθ¯†Γµ∂µθ+Lθ¯†Γ9θ+. . .
)
,
(A.5)
where fµν = ∂µων − ∂νωµ and . . . denote terms fourth order in the W-boson fields.
Sinteractions is the action describing the interactions between the W-bosons and the fields
living on the two stacks of branes. It includes terms of the third and fourth order in the
fields.
We are interested in the limit where the two stacks of branes are infinitely separated,
i.e. in the limit where L→∞. From the quadratic action (A.5) we see that the W-bosons
ωm with m = 1, . . .8 and the fermions become infinitely massive. Taking the infinite mass
limit of a relativistic massive field, corresponds to considering the non-relativistic limit.
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The surviving dynamics in the limit can be explicitly extracted by making the following
redefinition:
ωm =
1√
L
e−itLχm where m = 1, . . . , 8. (A.6)
For the W-bosons superpartners, which also become infinitely massive, we first define
Γ09θ± = ±θ±, (A.7)
where this projection must be understood in the spinors space. To extract the physics in
the limit we make the following rescaling:
θ = θ+ + θ− = e
−iLtξ+ + e
−iLtξ−. (A.8)
Considering (A.6) and (A.8) and then taking the infinite mass limit L→∞ the W-boson
action (A.5) reduces to
SNRW =
∫
Tr
(
i
8∑
m=1
χ†m∂tχm + i(ξ
T
+)
†∂tξ+
)
(A.9)
where the transposition is in the space of fermions and the hermitian conjugation is in the
matrix space. The ξ− fermions become infinitely massive and decouple from the theory,
as expected, since there are no antiparticles in the non-relativistic limit.
The interaction action Sinteraction in (A.4) is now given by
SNRinteractions =
∫ 8∑
m=1
Tr
(
χ†m(A0 + Φ9)χm − χ†mχm(A˜0 + Φ˜9)+
+ξ†m(A0 +Φ9)ξm − ξ†mξm(A˜0 + Φ˜9)
) (A.10)
where ξm (m = 1, . . .8) are the spinor components of ξ+. All higher order terms in (A.4)
vanish in the L→∞ limit. Note that, in this limit the dynamics of the U(P ) gauge theory
effectively decouples from the U(N) gauge theory.
Therefore, we can then write the action describing the coupling of the W-bosons to
U(N) N = 4 SYM as14
S = SN=4 +
8∑
m=1
Sm, (A.11)
14 There is decoupled contribution for the U(P ) gauge theory which does not talk to U(N)
SYM.
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where SN=4 is the action ofN = 4 SYM with gauge group U(N) while Sm withm = 1, . . .8
is the action for one of the eight non-relativistic supersymmetric W-bosons
Sm =
∫
[(χ†m)
I
i∆
IJ
ij (χm)
J
j + (ξ
†
m)
I
i∆
IJ
ij (ξm)
J
j ] , (A.12)
where
∆IJij = iδijδ
IJ∂t + (A0 + Φ9)ijδ
IJ , (A.13)
which is what we have used in the main text.
We note that integrating out the degrees of freedom associated to the W-bosons,
without any insertions, we get
Z =
∫ 8∏
i=1
([Dχm][Dχ
†
m][Dξm][Dξ
†
m])e
iS
=eiSN=4
(det∆)nF
(det∆)nB
=eiSN=4 ,
(A.14)
where in the last step we used that nF = nB. Note that we recover the expected result
that the metric in the Coulomb branch of N = 4 gets no corrections upon integrating out
the massive modes.
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